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BLOCKING: NEW EXAMPLES AND PROPERTIES OF
PRODUCTS
PILAR HERREROS
Abstract. We say that a pair of points x and y is secure if there
exist a finite set of blocking points such that any geodesic between x
and y passes through one of the blocking points. The main point of
this paper is to exhibit new examples of blocking phenomena both
in the manifold and the billiard table setting. As an approach to
this, we study if the product of secure configurations (or manifolds)
is also secure.
We introduce the concept ofmidpoint security that imposes that
the geodesic reaches a blocking point exactly at its midpoint. We
prove that products of midpoint secure configurations are midpoint
secure. On the other hand, we give an example of a compact C1
surface that contains secure configurations that are not midpoint
secure. This surface provides the first example of an insecure prod-
uct of secure configurations, as well as billiard table examples.
1. Introduction
We say that a pair of points x and y is secure if there exist a finite
set of blocking points such that any geodesic between x and y passes
through one of the blocking points. The study of this property orig-
inated in the context of polygonal billiards and translation surfaces
(see e.g. [G1], [G2], [GJ], [Mo]). It has an interpretation in geometric
optics, where being secure means that one point is shaded from the
light emanated by the other point by finitely many point blocks. Or
that they can’t ”see” each other. Another interpretation relates to the
name security, as we can think of two points being secure if any path
between them passes through one of finitely many check points.
Recently, security has been studied on Riemannian manifolds. In
particular for compact, locally symmetric spaces (see [GS]), and its
relation with entropy (see [BG], [LS]) among others. Security is a rare
phenomenon. The emphasis in the area is to show that small blocking
sets imply very strong conditions on the geometry of the manifold.
For instance, on all known examples of security the blocking occurs
at the midpoints of geodesics. We mention some other such results
and conjectures below. The main point of this paper is to exhibit new
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examples of blocking phenomena both in the manifold and the billiard
table setting. Here the manifolds will be closed C1 smooth Riemannian
manifolds, while the billiard tables we consider are compact C1 smooth
Riemannian manifolds with boundary (with and without corners).
The search for examples and for an understanding of its relationship
with other aspects of Riemannian geometry raises the question of how
this property behaves under products of manifolds. This question was
brought to my attention by K. Burns and E. Gutkin, who partially
solved it in [BG] where they prove that if a (configuration on a) product
manifold is secure, then so is (its projection to) each factor. In this
paper we study the converse of this result, more precisely if the product
of secure configurations (or manifolds) is also secure.
In section 2 we introduce the concept of midpoint security that im-
poses that the geodesic reaches a blocking point exactly at its midpoint.
We discuss its relation with security and prove that products of mid-
point secure configurations are midpoint secure. On the other hand,
we give some cases when this condition is actually necessary to achieve
security. In section 3 we build an example of a compact C1 surface
that contains secure configurations that are not midpoint secure. This
new example of blocking phenomena also supplies the first example of
an insecure product of secure configurations. We finish the paper using
this surface to give examples of non-planar billiard tables with secure
configurations that are not midpoint secure.
I would like to give my special thanks to K. Burns and E. Gutkin
for their interest in this work.
2. Security and Midpoint Security
Throughout this paper geodesics are assumed to have positive finite
length and to be parametrized by [0, 1] proportional to arclength. The
length 0 case, when the geodesic is a point, will not be considered a
geodesic and when needed will be refered to as a constant path.
If γ : [0, 1]→M is a geodesic, the endpoints of γ are its initial point
γ(0) and final point γ(1). The points γ(t) with t ∈ (0, 1) are interior
points of γ. We will say that γ passes through a point x ∈M if x is an
interior point of γ.
A configuration in M is an ordered pair of points in M , these points
may coincide. For a configuration (x, y) in M we say that a geodesic
γ joins x to y if it has initial point x and final point y. We will denote
by G(x, y) the set of all geodesics joining x and y.
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A set B is a blocking set for a collection of geodesics if every geodesic
in the collection passes through a point in B.
Definition 2.1. A configuration (x, y) is secure if the collection G(x, y)
of geodesics joining x and y has a finite blocking set. Otherwise the
configuration is insecure.
A Riemannian manifold is secure if all configurations in it are secure.
Note that any geodesic in G(x, y) has to contain a segment that joins
x to y without passing through either endpoint, and this segment is
also contained in G(x, y). Blocking this segment will also block the
original geodesic, so we can (and will) always choose the blocking set
to be in M \ {x, y}. This definition is then equivalent to the one used
in [BG], where they only consider geodesics that don’t pass through
the endpoints.
The first to consider the relation between security and product man-
ifolds were E. Gutkin and V. Schro¨der, in [GS] while studying security
of locally symmetric spaces they proved that if a product manifold is
secure, so are its factors. In [BG] K. Burns and E. Gutkin proved the
following lemma and used it to give examples of totally insecure man-
ifolds.
Lemma 2.2. If a configuration in a product manifold is secure, then
the projection to each factor is secure.
Moreover; if the configuration has blocking set B, then the projection
of B minus the endpoints is a blocking set for the projection in each
factor.
To study the converse of this lemma we introduce a related but
stronger property. We will say that a set B is a midpoint blocking set
for a collection of geodesics if every geodesic in the collection has its
midpoint in B.
Definition 2.3. A configuration (x, y) is midpoint secure if the collec-
tion G(x, y) of joining geodesics has a finite midpoint blocking set B.
A Riemannian manifold is midpoint secure if all configurations in it are
midpoint secure.
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Unlike the security case, we will allow the endpoints x and y to be in
B. This is actually necessary in some cases since, for instance, a sim-
ple closed geodesic travelled twice has midpoint equal to the endpoints.
Note that any midpoint secure configuration is also secure, with the
same blocking set minus the endpoints if necessary. On the other hand,
all previously known examples of secure configurations on Riemannian
manifolds are midpoint secure. In particular, this can be seen for all
configurations in locally symmetric spaces of euclidean type in [GS],
where the blocking set given is actually midpoint blocking. This is also
true for arithmetic polygonal billiards and translation surfaces (see
[G2],[GJ]).
One of the main goals of this area is to characterize certain manifolds
by their blocking properties. The only known secure compact manifolds
are flat, and it has been conjectured that these are in fact the only
ones among closed smooth Riemannian manifolds. For more details
see K. Burns and E. Gutkin [BG] and J.-F. Lafont and B. Schmidt
[LS], where they give the conjecture together with some partial results
in this direction.
Another case is that of compact rank one symmetric spaces (CROSS).
These manifolds have the property that any pair of distinct points that
are not at distance equal to the diameter are secure, with a blocking
set consisting of only two points. It was conjectured in [LS] that the
CROSSes are the only compact Riemannian manifolds with this prop-
erty. Part of the evidence they provide is proving that all Blaschke
manifolds have this property. They also conjecture that the only such
manifold with the additional property that for any point x, G(x, x) can
be blocked by a single point is the round sphere. This conjecture was
later proved by B. Schmidt and J. Souto in [SS].
All the manifolds mentioned above satisfy the corresponding block-
ing properties if we replace security by midpoint security. This can be
seen in the proofs of security of each case. Moreover, if all secure com-
pact manifolds are flat as conjectured, then they also are all midpoint
secure. Proving any of these conjectures using midpoint security would
be a significant progress.
This also raises the question whether these conditions are actually
equivalent. This is not true, as we will see in section 3 where we give an
example of a surface with secure configurations that are not midpoint
secure.
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Lemma 2.4. A configuration in a product manifold is midpoint secure
if and only if the projection to each factor is midpoint secure.
Proof. (The first half follows Burns and Gutkin’s argument for Lemma
2.2, we will include it here for completeness.) Let x = (x1, x2) and
y = (y1, y2) be two points in the product manifold M1 × M2. Any
geodesic γ joining x and y projects to geodesics γi = pii(γ) in Mi
joining xi and yi, we will denote this by γ = γ1 × γ2. Note that one γi
might be a constant path, but the argument works regardless.
Suppose that the configuration (x, y) is midpoint secure, and let B
be its midpoint blocking set. Let B1 = pi1(B) be the projection of
this set to M1, we claim that this is a blocking set for (x1, y1). To
see this take any geodesic σ in M2 from x2 to y2. For any geodesic
γ1 ∈ G(x1, y1) joining x1 and y1, the geodesic γ1 × σ joins x and y in
M1 × M2 and therefore is midpoint blocked by B. This means that
γ1(1/2) × σ(1/2) ∈ B, so γ1(1/2) ∈ B1, and since γ1 is arbitrary this
proves that the configuration (x1, y1) is midpoint secure in M1. Re-
versing the roles of M1 and M2 we see that the configuration (x2, y2)
is midpoint secure in M2.
To prove the converse lets assume that (x1, y1) and (x2, y2) are mid-
point secure in M1 and M2 respectively, and let B1 and B2 be the
corresponding blocking sets. If xi = yi add this point to Bi, so that
the constant path joining them is also midpoint blocked by Bi. Let
x = (x1, x2) and y = (y1, y2) in the product manifold M1×M2, we will
see that the set B = B1 × B2 is a midpoint blocking set for G(x, y).
For this take any γ ∈ G(x, y) and write it in the form γ = γ1 × γ2
as above. Since γi joins xi and yi, it is midpoint blocked by Bi, that
is, γi(1/2) ∈ Bi and therefore γ1(1/2) × γ2(1/2) ∈ B1 × B2 = B,
completing the proof. 
From this Lemma immediately follows that:
Proposition 2.5. A product manifold is midpoint secure if and only
if each factor is midpoint secure.
Regarding the security on product manifolds this result says that
the product of midpoint secure configurations (or manifolds) is secure.
But what if one, or both, is not midpoint secure? We will analyze the
case when one of the factors is a round S2 to show that in certain cases
the condition on the midpoints is needed.
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Proposition 2.6. Given a Riemannian manifoldM the following state-
ments are equivalent:
(1) A configuration in the product manifold M ×S2 is secure if and
only if the projection to each factor is secure.
(2) All secure configurations in M are midpoint secure.
Proof. Assume 1) holds and let (x, y) be a secure configuration on M.
For any p ∈ S2 in the 2-sphere let q be its antipodal point. Then (p, p)
is (midpoint) secure with blocking set {p, q} and by 1) ((x, p), (y, p))
is secure in M × S2. Let B be the blocking set for ((x, p), (y, p)), and
let BM = pi1(B) and BS = pi2(B) be its projection to each factor. By
Lemma 2.2 BM and BS are blocking sets for (x, y) and (p, p) respec-
tively. Note that there are infinitely many simple geodesics in G(p, p)
and any pair of them only intersect in q, so any finite blocking set for
(p, p) has to contain q and a geodesic in G(p, p) that is only blocked by
q. Let σ ∈ G(p, p) be a simple great circle that is only blocked by q.
For any γ ∈ G(x, y) the geodesic γ×σ is in G((x, p), (y, p)) so it has
to pass through a blocking point b ∈ B at some time t0 ∈ (0, 1). By the
definition of BS we have σ(t0) = pi2(b) ∈ BS, but σ is only blocked by q
at time 1/2. Therefore pi2(b) = q, t0 = 1/2 and γ(1/2) = pi1(b) ∈ BM ,
so (x, y) is midpoint secure in M.
Conversely if 2) holds all secure configurations of M and S2 are
midpoint secure, and 1) follows from Lemma 2.2 and Lemma 2.4. 
Note that this is a statement about S2 as much as about the man-
ifold M . The crucial property being that there is a configuration (in
this case (p,p)) where the midpoint blocking point is needed to block
G(p, p). There are many manifolds that contain such configurations,
for example Sn with any metric of revolution, but all known examples
also have insecure configurations.
3. Example
We will construct an example of a manifold that contains secure con-
figurations that are not midpoint secure.
Let C be a cylinder of length l and radius 1, write it as a product
of an interval [0, l] and a circle S1 of radius 1. Let H0 and Hl be a
lower and an upper hemisphere, and attach them to C by identifying
the equators with the the curves 0 × S1 and l × S1 respectively. We
get N = C ∪H0 ∪Hl/ ∼ where ∼ is the identification above.
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First we need to understand some of the geodesics on N . Observe
that any geodesic in the cylinder that reaches l× S1, forming an angle
α with it, goes into Hl where it is a half great circle that leaves Hl again
at its antipodal point, forming the same angle α. From the point of
view of the cylinder, any geodesic that leaves it through a point (l, θ)
comes back at the point (l, θ + pi) with the same angle.
Let Cˆ = [−l,−0] × S1 be a reflection of C, where we denote 0 by
−0 to distinguish the points in Cˆ from those in C. Let T = C ∪ Cˆ/ ∼
be the torus formed by gluing both cylinders with a 1/2 twist, i.e.
(l, θ) ∼ (−l, θ + pi) and (0, θ) ∼ (−0, θ + pi). Let p : T → C be the
projection p(t, θ) = (|t|, θ) for t 6= −0,−l. By the argument above, the
restriction to C of a geodesic in N that goes through a hemisphere and
back to C is the projection under p of a geodesic in T that goes from
C to Cˆ.
The geodesics in N with endpoints in the interior of C corresponds
to the projections to C of the geodesics in T , although the parametriza-
tions usually do not agree.
Lemma 3.1. Any pair of points in the interior of C form a secure
configuration in N .
Proof. For any pair of points x1 = (t1, θ1) and x2 = (t2, θ2) in the
interior of C and any geodesic γ between them in N , let γ˜ be the
geodesic in T that projects to γ with γ˜(0) = x1. By the arguments
above the projection of γ˜ is γ ∩C so any point that blocks γ˜ in T will
project to a point that blocks γ.
On the other hand, since γ˜(1) projects to γ(1) = x2 it is either x2
or −x2 = (−t2, θ2) and we can identify G(x1, x2) with the union of the
sets GT (x1, x2) and GT (x1,−x2) of geodesics in T . Since T is a flat
torus it is known that it is uniformly secure with security threshold 4
(see e.g. [G1]). Therefore the set B given by the projection of the 8
blocking points of GT (x1,±x2) in T will block G(x1, x2). 
Lemma 3.2. Any pair of points in the interior of C form a configura-
tion that is not midpoint secure in N .
Proof. For any pair of points x1 = (t1, θ1) and x2 = (t2, θ2) in the
interior of C let γ˜i be the geodesic in T from x1 to −x2 = (−t2, θ2)
that goes i times around in the S1 direction and doesn’t cross l × S1,
it has length l˜i =
√
(t1 + t2)2 + (2pii+ θ2 + pi − θ1)2. Let γi be the
correspondent geodesic in N , it begins and ends in C and goes through
H0 once so it has length li = l˜i + pi.
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If t1 6= t2 we can assume that t1 > t2. The time that γi spends in H0,
when γi is parametrized by [0, 1], is an interval of length pi/li beginning
at (1− pi
li
) t1
t1+t2
. Since t1/(t1+t2) > 1/2 and the length li grows to infinity
with i, for i big enough (1− pi
li
) t1
t1+t2
> 1
2
so γi spends more than half the
time before reaching H0. The midpoint is then γi(1/2) = p(γ˜i(l˜i/2li))
that has t coordinate (t1 + t2)l˜i/2li = (t1 + t2)(1/2 − pi/2li), clearly
different. If this configuration is midpoint secure all this points have
to be in the blocking set, making it infinite.
In the case that t1 = t2 the midpoints γi(1/2) are the midpoints
of the restriction of γi to H0. We can see that the distance between
γi(1/2) and the equator depends directly on the angle that γi makes
with it. This angle gets smaller as i increases, showing that the points
γi(1/2) are all distinct. 
Remark 3.3. This manifold is not secure, for example the configura-
tion ((0, 0), (0, pi)) is insecure since there are infinitely many disjoint
paths joining them in H0. This leaves open whether all secure mani-
folds are also midpoint secure.
Also, as mentioned above, it is only a C1 manifold. It would be
interesting to find a smooth example.
From the discussion above we see that the statement 2) of Propo-
sition 2.6 doesn’t hold. Therefore there are insecure configurations in
N×S2 that project to secure configurations in both factors. As pointed
out previously, this gives an explicit example of an insecure product of
secure configurations.
For this particular manifold N we can prove the stronger statement
below.
Proposition 3.4. For any Riemannian manifold M , any configuration
in the product N ×M that projects to one of the above configurations
is insecure.
Proof. Suppose not, then there is a secure configuration (x1, y1), (x2, y2)
where x1 and x2 are in the interior of C. Let B be a blocking set for
this configuration, and BM , BN its projection to each factor. Let σ be
any geodesic in M joining y1 and y2, and let t1, . . . tn be all the times
where σ(ti) ∈ BM . Let γi be as above, the set of times when γi(t) ∈ BN
is different for each i, and we can find an i for which this times are all
different from t1, . . . tn. Then the geodesic γi × σ is not blocked by B,
giving a contradiction. 
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4. Billiard Tables
The concept of security originated in the study of billiards. In this
subject a billiard table is a manifold with boundary, and the trajec-
tories of billiard balls follow geodesics and bounce of the boundary
according to the usual reflection laws. It is particularly related with
the illumination problem that studies which points does a light source
illuminates, and which are shaded, when the boundary is considered as
a perfect mirror.
Security, also called finite blocking property, has been studied mainly
on flat tables, with smooth or polygonal boundaries. The examples of
secure billiard tables are as limited as the examples of secure manifolds.
For lattice polygonal billiards security is equivalent to being arithmetic
(see [G1]) and, to the best of my knowledge, no other examples are
known. In fact, it was recently proved by S. Tabachnikov in [Ta] that
any planar billiard with smooth boundary is insecure.
In this respect, we can consider half of the surface N (with bound-
ary) as a billiard table, cutting it in either of the two natural ways.
This gives examples of billiard tables with many secure configurations.
These tables are not planar and they have geodesic boundary, although
the surfaces are only C1.
Let τ be the closed geodesic that agrees with (t, 0) and (t, pi) in the
cylinder and the corresponding half circles in H0 and Hl. And let M1
be the half of N bounded by it (a half cylinder with quarter spheres
attached at the ends).
We can build N from M1 by gluing it with a reflection Mˆ1 of itself
along the boundary, so we can say that N is a double cover of M1
in a similar way that T is a double cover of C. This cover preserves
geodesics, since a geodesic crossing from M1 to Mˆ1 projects to a geo-
desic that bounces off τ . Conversely, any geodesic in M1 can be lifted
to N , and if it bounces off the boundary the lift crosses from M1 to its
reflection. Therefore this table has similar blocking properties as N ,
any geodesic blocked in N projects to a geodesic in M1 that is blocked
by the projection of the original blocking point.
Let σ be the circle l/2×S1, andM2 = {(t, θ), t ≤ l/2}∪H0 a cylinder
with a half sphere at one end, and boundary σ. The same argument
we used for M1 shows that N is a geodesic double cover of M2, and
thus has similar blocking properties. In particular we have proved the
following lemma.
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Lemma 4.1. Any pair of points in the flat part of M1 or M2 is secure,
and not midpoint secure.
Moreover, any pair of points in the boundary of M2 form a secure
configuration.
Unlike M1 the boundary of M2 is smooth, therefore we have a bil-
liard table with smooth boundary such that all pairs of points in the
boundary can be blocked. This can’t be achieved by smooth planar
billiards, as shown in [Ta] where insecurity is proved for points in the
boundary.
If we allow manifolds with corners in the boundary, we can consider
a quarter of N cutting it along both τ and σ. Then N is a geodesic
4-fold cover of this region, and therefore they share blocking properties
as with M1 and M2. The same is true for the region bounded by τ and
τn, or by τ , τn and σ, where τn (for n ≥ 2) is the geodesic between the
north and south poles that agrees with (t, pi/n) in the cylinder.
References
[BG] K. Burns and E. Gutkin, Growth of the number of geodesics between points
and insecurity for Riemannian manifolds, preprint (2007).
[G1] E. Gutkin, Blocking of billiard orbits and security for polygons and flat sur-
faces, GAFA: Geom. & Funct. Anal. 15 (2005), 83 – 105.
[G2] E. Gutkin, Insecure configurations in lattice translation surfaces, with appli-
cations to polygonal billiards, Discr. Cont. Dyn. Sys. A 16 (2006), 367 – 382.
[GJ] E. Gutkin and C. Judge, Affine mappings of translation surfaces: geometry
and arithmetic, Duke Math. J. 103 (2000), 191 – 213.
[GS] E. Gutkin and V. Schro¨der, Connecting geodesics and security of configura-
tions in compact locally symmetric spaces, Geometriae Dedicata 118 (2006),
185 – 208.
[LS] J.-F. Lafont and B. Schmidt, Blocking light in compact Riemannian manifolds,
to appear in Geometry and Topology.
[Mo] T. Monteil, On the finite blocking property, Annales de l’Institut Fourier 55
(2005), 1195 – 1217.
[SS] B. Schmidt and J. Souto, Chords, light, and another synthetic characterization
of the round sphere, preprint (2007).
[Ta] S. Tabachnikov, Birkhoff billiards are insecure, prepint(2007).
Department of Mathematics, University of Pennsylvania, Philadel-
phia, PA 19104, USA
E-mail address : pherrero@math.upenn.edu
